
  

Bounding the set of 
classical correlations of a 

many-body system

Jordi Tura

Max Planck Institute of Quantum Optics

27th-September-2018



  

Outline
● Non-negative polynomials

● Sum-of-squares representations

● Characterizing many-body 
correlations



  

Outline
● Non-negative polynomials

● Sum-of-squares representations

● Characterizing many-body 
correlations



  

Non-negative polynomials



  

Non-negative polynomials
● Why do we care?



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization 
over polynomials



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization 
over polynomials

– Finding all complex/real solutions 
of a system of polynomials



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization 
over polynomials

– Finding all complex/real solutions 
of a system of polynomials

– Approximating the volume of a 
compact semialgebraic set



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization over 
polynomials

– Finding all complex/real solutions of a 
system of polynomials

– Approximating the volume of a compact 
semialgebraic set

– Approximating the value of an ergodic 
criterion in a Markov Chain without 
simulation



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization over 
polynomials

– Finding all complex/real solutions of a system of 
polynomials

– Approximating the volume of a compact 
semialgebraic set

– Approximating the value of an ergodic criterion 
in a Markov Chain without simulation

– Pricing of some exotic financial options



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization over polynomials
– Finding all complex/real solutions of a system of 

polynomials
– Approximating the volume of a compact 

semialgebraic set
– Approximating the value of an ergodic criterion 

in a Markov Chain without simulation
– Pricing of some exotic financial options
– Weak formulation of optimal control problems



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization over polynomials
– Finding all complex/real solutions of a system of 

polynomials
– Approximating the volume of a compact semialgebraic 

set
– Approximating the value of an ergodic criterion in a 

Markov Chain without simulation
– Pricing of some exotic financial options
– Weak formulation of optimal control problems
– Representing the convex envelope of a rational 

function over a semialgebraic set



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization over polynomials
– Finding all complex/real solutions of a system of 

polynomials
– Approximating the volume of a compact semialgebraic set
– Approximating the value of an ergodic criterion in a 

Markov Chain without simulation
– Pricing of some exotic financial options
– Weak formulation of optimal control problems
– Representing the convex envelope of a rational function 

over a semialgebraic set
– Multivariate integration on compact semialgebraic sets



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization over polynomials
– Finding all complex/real solutions of a system of polynomials
– Approximating the volume of a compact semialgebraic set
– Approximating the value of an ergodic criterion in a Markov 

Chain without simulation
– Pricing of some exotic financial options
– Weak formulation of optimal control problems
– Representing the convex envelope of a rational function over 

a semialgebraic set
– Multivariate integration on compact semialgebraic sets
– Min-max problems and Nash Equilibria



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization over polynomials
– Finding all complex/real solutions of a system of polynomials
– Approximating the volume of a compact semialgebraic set
– Approximating the value of an ergodic criterion in a Markov 

Chain without simulation
– Pricing of some exotic financial options
– Weak formulation of optimal control problems
– Representing the convex envelope of a rational function over a 

semialgebraic set
– Multivariate integration on compact semialgebraic sets
– Min-max problems and Nash Equilibria
– Bounds on linear partial differential equations



  

Non-negative polynomials
● Why do we care?

– Global/constrained optimization over polynomials
– Finding all complex/real solutions of a system of polynomials
– Approximating the volume of a compact semialgebraic set
– Approximating the value of an ergodic criterion in a Markov Chain 

without simulation
– Pricing of some exotic financial options
– Weak formulation of optimal control problems
– Representing the convex envelope of a rational function over a 

semialgebraic set
– Multivariate integration on compact semialgebraic sets
– Min-max problems and Nash Equilibria
– Bounds on linear partial differential equations
– Bounding the set of quantum correlations



  

Non-negative polynomials

● A bit of history



  

Non-negative polynomials

● A bit of history
Who among us would not be happy to lift the veil 
behind which is hidden the future; to gaze at the 
coming developments of our science and at the secrets 
of its development in the centuries to come? What will 
be the ends toward which the spirit of future 
generations of mathematicians will tend? What 
methods, what new facts will the new century reveal 
in the vast and rich field of mathematical thought?

David Hilbert, @ International Congress of Mathematicians, Paris, 1900



  

Non-negative polynomials

● A bit of history
Who among us would not be happy to lift the veil 
behind which is hidden the future; to gaze at the 
coming developments of our science and at the secrets 
of its development in the centuries to come? What will 
be the ends toward which the spirit of future 
generations of mathematicians will tend? What 
methods, what new facts will the new century reveal 
in the vast and rich field of mathematical thought?

David Hilbert, @ International Congress of Mathematicians, Paris, 1900

● 23 Open problems
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23



  

Non-negative polynomials

● A bit of history
Who among us would not be happy to lift the veil 
behind which is hidden the future; to gaze at the 
coming developments of our science and at the secrets 
of its development in the centuries to come? What will 
be the ends toward which the spirit of future 
generations of mathematicians will tend? What 
methods, what new facts will the new century reveal 
in the vast and rich field of mathematical thought?

David Hilbert, @ International Congress of Mathematicians, Paris, 1900

● 23 Open problems
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Continuum hypothesis



  

Non-negative polynomials

● A bit of history
Who among us would not be happy to lift the veil 
behind which is hidden the future; to gaze at the 
coming developments of our science and at the secrets 
of its development in the centuries to come? What will 
be the ends toward which the spirit of future 
generations of mathematicians will tend? What 
methods, what new facts will the new century reveal 
in the vast and rich field of mathematical thought?

David Hilbert, @ International Congress of Mathematicians, Paris, 1900

● 23 Open problems
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Continuum hypothesis Riemann Hypothesis and 
other number theory 
conjectures



  

Non-negative polynomials

● A bit of history
Who among us would not be happy to lift the veil 
behind which is hidden the future; to gaze at the 
coming developments of our science and at the secrets 
of its development in the centuries to come? What will 
be the ends toward which the spirit of future 
generations of mathematicians will tend? What 
methods, what new facts will the new century reveal 
in the vast and rich field of mathematical thought?

David Hilbert, @ International Congress of Mathematicians, Paris, 1900

● 23 Open problems
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Continuum hypothesis Riemann Hypothesis and 
other number theory 
conjectures

Given a multivariate non-
negative polynomial, does 
it admit a sum-of-squres 
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● Hilbert’s 17th problem

Given                   satisfying                            , 
does        admit a sum-of-squares (s.o.s.) 
representation                           ?

● Converse is trivial. When does equivalence hold?

● How powerful is this representation?

● Can one extend it to subsets of      ?

– Semialgebraic sets
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Semidefinite Programming
● But now the degree of the sos may be unbounded!!

Simplification rule

Moment matrix, 2nd order

Gröebner basis

linearizes

[Gouveia, Thomas, Convex Hulls 
of semialgebraic sets, 2012]
[Lasserre, 2001]
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● We can also add inequality constraints!

Moment matrix, 2nd order

[Gouveia, Thomas, Convex Hulls 
of semialgebraic sets, 2012]
[Lasserre, 2001]

Shifted moment matrix by x, 1st order
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Semidefinite Programming
● In general, we can consider
Convex hulls of semialgebraic sets

sums-of squares

Increasing the degree of 
the sos    gives more 
representability power
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Dimension of the Local Polytope

Number of vertices

[B. Chazelle, An optimal convex hull algorithm in any fixed dimension, Discrete Comput. Geom. 10 377409 (1993)]

Complexity of dual description:

Examples

basically any
timescale you want

[S. Dalí The persistence
of memory (1931)]
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Dimension depends on
 - Order of the correlators
 - #Measurements
 - #outcomes 

Does NOT depend on
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The Local polytope
● Solving for a few values of N...

What’s the physical 
significance of each 
inequality?
Are they equally relevant?
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Bounding the LHVM set
● Algebraic structure at every LDS

Goal: Define a manifold interpolating the vertices of the symmetric 2-
body polytope, and compute its convex hull
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First relaxation

Computing the convex hull of a semialgebraic set is NP-hard
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Second relaxation

Solve the sos representation problem as an SDP!
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SDP outputs the Bell inequality that is violated, with 
a proof of its classical bound

● The complexity of the problem is independent of the 
system size

Approximation for N= 10 Approximation with actual 
experimental data and N=476
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