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Abstract

The non-selective and selective measurements of a self-adjoint observable
M in quantum mechanics are interpreted as ‘jumps’ of the state of the
measured system into a M-decohered or M-pure state characterized by the
spectral projections of M.

One may try to describe the measurement results as asymptotic states of a
dynamical process, where the non-unitarity of time evolution arises as an
effective description of the interaction with the measuring device.

We present here a two-step effective dynamics:

the first step is the non-selective measurement or M-decoherence, which is
known to be described by the linear Lindblad equation, where the generator
of the time evolution is the generator of a semigroup of unit preserving
completely positive maps.

The second step is a process from the resulted M-decohered state to an
M-pure state, which is described by an effective non-linear toy model
dynamics: the pure states arise as asymptotic fixed points, their

emergent probabilities are the relative volumes of their attractor regions.
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0 Non-selective and selective measurements in QM

e Two types of effective dynamics in QM: CP and nonlinear
@ Completely positive (CP) maps and subsystems in QM
@ Lindblad generator of a linear CP; dynamics
@ The Gross—Pitaevskii (GP) nonlinear effective dynamics
@ Possibility of initial state dependent effective dynamics

e A two-step effective dynamics for selective measurement of M
@ First step: CP;-dynamics for M-decoherence
@ Second step: nonlinear effective dynamics for M-purification

o Closing remarks
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NSM and SM in QM
Measurements in quantum mechanics

» self-adjoint observable M = 3"y MPm € B(H)
e prepared state w: B(H) — C of the measured subsystem B(H)

@ non-selective measurement:
wwody, bdy(A) = Zmea(M) PmAPp, € (M)
(H): any observable A "jumps" into the commutant (M)’ C B(H)
containing the generated abelian subalgebra (M)
(S): an M-decohered repreparation "jump" of the prepared state w

@ selective measurement: e.g. Stern—Gerlach, double-slit experiments
wrwo®m,  ®p(A) := PnAPn/w(Pm) with probability w(Pm)
(H): "jJump" into a spectral projecion Py, of M with probability w(Pm)
(S): "jump" into an M-pure state with probability w(Pm)
probability w(Pm) = relative frequency of the spectral outcome m
in repeated experiments with identically prepared state w
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NSM and SM in QM
Measurements in quantum mechanics

» self-adjoint observable M = 3"y MPm € B(H)
e prepared state w: B(H) — C of the measured subsystem B(H)

@ non-selective measurement:
W W o (DM, (DM(A) = ZmEU(M) PmAP, € <M>/
(H): any observable A "jumps" into the commutant (M)’ C B(H)
containing the generated abelian subalgebra (M)
(S): an M-decohered repreparation "jump" of the prepared state w

@ selective measurement: e.g. Stern—Gerlach, double-slit experiments

wrwo®m,  ®p(A) := PnAPn/w(Pm) with probability w(Pm)
(H): "jJump" into a spectral projecion Py, of M with probability w(Pm)
(S): "jump" into an M-pure state with probability w(Pm)
probability w(Pm) = relative frequency of the spectral outcome m
in repeated experiments with identically prepared state w

e both measurement "jumps" destroy unitary implemented dynamics

(H): a: (R, +) — Aut B(H), such that a:(A) := Uf AU;, Ur € U(H)

(S)wr i =woay, teR

and are not unitary implementable, selective is not even deterministic
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NSM and SM in QM
Measurements in quantum mechanics

» self-adjoint observable M = 3"y MPm € B(H)
e prepared state w: B(H) — C of the measured subsystem B(H)

@ non-selective measurement:
W W o (DM, (DM(A) = ZmEU(M) PmAP, € <M>/
(H): any observable A "jumps" into the commutant (M)’ C B(H)
containing the generated abelian subalgebra (M)
(S): an M-decohered repreparation "jump" of the prepared state w

@ selective measurement: e.g. Stern—Gerlach, double-slit experiments
wrwo®m,  ®p(A) := PnAPn/w(Pm) with probability w(Pm)
(H): "jJump" into a spectral projecion Py, of M with probability w(Pm)
(S): "jump" into an M-pure state with probability w(Pm)
probability w(Pm) = relative frequency of the spectral outcome m
in repeated experiments with identically prepared state w

e both measurement "jumps" destroy unitary implemented dynamics
(H): a: (R, +) — Aut B(H), such that a:(A) := Uf AU;, Ur € U(H)
(S)wr i =woay, teR

and are not unitary implementable, selective is not even deterministic
e however both ¢, and ¢, are completely positive (CP) maps
dR1Idy: B(H) @ M, — B(H) ® M, is positive (linear) Vne N
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics

Connection between CP maps and subsystems in QM

S=subsystem and the E=environment in QM: B(Hs ® He) ~ B(Hs) ® B(He)
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics

Connection between CP maps and subsystems in QM

S=subsystem and the E=environment in QM: B(Hs ® He) ~ B(Hs) ® B(He)

o full system — subsystem
if Ur € U(Hs ® He),t € Ris a unitary dynamics on the full system then

B('Hs) SA— d);(A) = Tre [(15 ® pE)Ut*(A ® 1E)Ut] S B(HS)

unit preserving CP map on B(Hs) Vt € R
= one may look for a "CP-dynamics" on the subsystem instead of a
unitary one
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics

Connection between CP maps and subsystems in QM

S=subsystem and the E=environment in QM: B(Hs ® He) ~ B(Hs) ® B(He)

o full system — subsystem
if Ur € U(Hs ® He),t € Ris a unitary dynamics on the full system then

B('Hs) SA— d);(A) = Tre [(15 ® pE)Ut*(A ® 1E)Ut] S B(HS)

unit preserving CP map on B(Hs) Vt € R
= one may look for a "CP-dynamics" on the subsystem instead of a
unitary one

@ subsystem — extended (= full) system
If ® unit preserving o-weakly continuous CP map on B(Hs) =
3 He and V isometry on Hs ® He such that V pe € S(He)

¢(A) = Trg [(13 4 pE) Vv (A % 15) V]7 Ac B(Hs)

(V can be made unitary by a pe-dependent further extension of Hg)
= every CP map on the subsystem comes from a restriction of a
isometric/unitary sandwiching on a full system
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics

Generator of a special CP dynamics: Lindblad operator

@ restriction on CP dynamics: special family of CP maps
e form a semigroup: ®; o &g = &y t, s € Ry,
e has a bounded generator L: ®; = exp(iL)
latter is not a restriction if B(H) = Mx(C)
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics

Generator of a special CP dynamics: Lindblad operator

@ restriction on CP dynamics: special family of CP maps
e form a semigroup: ®; o &g = &y t, s € Ry,
e has a bounded generator L: ®; = exp(iL)
latter is not a restriction if B(H) = Mx(C)
@ Theorem (Lindblad; 1976) on the generator of a CP; semigroup
Let L: B(H) — B(H) bounded linear *-map.
& :=exp(iL) € CP1(B(H))-,t > 0 < L has the form

LAY = iIH, Al + 30 ViAVs — L{Vi Vi A}, A€ B(H),
k

where H = H*; Vi, 3, Vi Vi € B(H).
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics

Generator of a special CP dynamics: Lindblad operator

@ restriction on CP dynamics: special family of CP maps
e form a semigroup: ®; o &g = &y t, s € Ry,
e has a bounded generator L: ®; = exp(iL)
latter is not a restriction if B(H) = Mx(C)

@ Theorem (Lindblad; 1976) on the generator of a CP; semigroup
Let L: B(H) — B(H) bounded linear *-map.
& := exp(tL) € CP{(B(H))o,t > 0 < L has the form

LAY = iIH, Al + 30 ViAVs — L{Vi Vi A}, A€ B(H),
k

where H = H*; Vi, >, Vi Vk € B(H).
@ Lindblad equation: generalization of the Schrddinger equation

e w: B(H) — C normal state with density matrix p: w(A) = Tr (pA)
e H <+ Spicture change: Tr (L(p)A) := Tr (pL(A))

d A . P
o = L) 1= —ilH, o + 37 Vi Vit = 5{Vi Ve )
k

linear first order differential equation on density matrices

P. Vecsernyés Toy model for selective measurement



Effective dynamics CP maps and subsystems Lindblad generator GP dynamics Pos:

GP effective one particle state in Bose—Einstein condensation

@ Trapped interacting N-boson Hamiltonian in 3D: H®N, # := [3(R®)

HN—Z( Ar,+vext r;) +ZVN i — 1)

i<j

0 0 < Vox(r) — oo, |I‘| — 00
e 0 < Vn(r) = Vn(|r)] = N2V(N|r|)
smooth with compact support and scattering length a = a;/N
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics

GP effective one particle state in Bose—Einstein condensation

@ Trapped interacting N-boson Hamiltonian in 3D: H®N, # := [3(R®)

HN—Z( Ar,+vext r;) +ZVN i — 1)

i<j

0 0 < Vex(r) — o0, |I‘| — 00

e 0 < Vn(r) = Wn(|r)] = N*V(NJr|)

smooth with compact support and scattering length a = a;/N
@ Conjectured effective one-particle description: Gross—Pitaevskii

equation (nonlinear, namely cubic) and energy functional in H

() = —Ap(t) +ole(t)Pe(t), o(t) € H, el =1
Egp(p) = /dsf(|v¢(r)|2+ Vext(F)|o(r) P + 47 ao|o(r)[*), [l¢ll = 1
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics

GP effective one particle state in Bose—Einstein condensation

@ Trapped interacting N-boson Hamiltonian in 3D: H®N, # := [3(R®)

HN—Z( Ar,+vext r/ +ZVN *r/
i<j
0 0 < Vex(r) — o0, |I‘| — 00
e 0 < Vn(r) = Wn(|r)] = N*V(NJr|)
smooth with compact support and scattering length a = a;/N
@ Conjectured effective one-particle description: Gross—Pitaevskii
equation (nonlinear, namely cubic) and energy functional in H

() = —Ap(t) +ole(t)Pe(t), o(t) € H, el =1
Egp(p) = /dsf(|v¢(r)|2+ Vext(F)|o(r) P + 47 ao|o(r)[*), [l¢ll = 1

@ Theorem (Lieb, Seiringer; 2002) on BE-condensation
Let ¢y be the ground state of Ay and let 7,(\;‘), 1 < k < N be its k-particle
marginal density operator. Let o := 8nNa = 8wa, in the GP equation
and let pgp be the minimizer of Egp. Then

A9 5 par) (par*®, N — oo

pointwise for any fixed k.
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics

GP effective nonlinear dynamics after Bose—Einstein condensation

@ N-particle Hamiltonian with trap removed

Z Ar+ZVN —r,

i<j

@ Theorem (Erdds, Schlein, Yau; 2007) on GP-dynamics
Let ¢n(t) be the solution of the Schrddinger equation
iorpn(t) = Hyibn(t) with Hy ground state initial condition ¢y (0) :=
and let 7,(\,1)(1‘) be its one-particle marginal density. Then forany t > 0

W) = o) (e(t), N — oo
pointwise for compact operators on H, where ¢; solves the GP-equation
iOrp(t) = —Dp(t) + 8maolp(t) P (1)

with initial condition ¢(0) := ¢gap.
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics Possibility of

Existence of initial state dependent effective dynamics

F = full system: S = subsystem and E = environment
B(Hr) == B(Hs @ He) ~ B(Hs) ® B(He)
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics Possibility of

Existence of initial state dependent effective dynamics

F = full system: S = subsystem and E = environment
B(Hr) == B(Hs @ He) ~ B(Hs) ® B(He)
@ initial density matrix (= initial normal state) on B(#s): p3
= compatible initial density matrices on B(HFr):

TI’E1(pg) = {,0(’): € B(HF)4+1| Tre (p(l):) = Pg}

inverse image (normal states) of pg in B(HF)+1
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics Possibility of

Existence of initial state dependent effective dynamics

F = full system: S = subsystem and E = environment
B(Hr) == B(Hs @ He) ~ B(Hs) ® B(He)
@ initial density matrix (= initial normal state) on B(#s): p3
= compatible initial density matrices on B(HFr):

TI’E1(pg) = {,0(’): € B(HF)4+1| Tre (p(l):) = Pg}

inverse image (normal states) of pg in B(HF)+1
o effective time evolution from the unitary (Hamiltonian) one on B(H )1

dps

dt = _iTrE [HF7pg]

heavily depends on the initial choice of p§ € Trz'(p3)
through the surviving, pf-dependent "H s-blocks"
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Effective dynamics CP maps and subsystems Lindblad generator GP dynamics Possibility of

Existence of initial state dependent effective dynamics

F = full system: S = subsystem and E = environment
B(Hr) == B(Hs @ He) ~ B(Hs) ® B(He)
@ initial density matrix (= initial normal state) on B(#s): p3
= compatible initial density matrices on B(HFr):

TI’E1(pg) = {Pg € B(HF)4+1| Tre (p(l):) = Pg}

inverse image (normal states) of pg in B(HF)+1
o effective time evolution from the unitary (Hamiltonian) one on B(H )1

dps

dt = _iTrE [HF7pg]

heavily depends on the initial choice of p§ € Trz'(p3)
through the surviving, pf-dependent "H s-blocks"

@ given probability distribution on Trz"(p§) =
given probability distribution of effective (initial) dynamics on pg

P. Vecsernyés Toy model for selective measurement



Effective dynamics for SM 1. CP{-dyamics in SM 2. nonlinear dy

Two types of effective dynamics in selective measur

@ Instead of "jumps" try a "very fast" dynamical description of SM:
SM result should be an asymptotic state of an effective dynamics
caused by the interaction of the measured (sub)system
with the measuring device
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Effective dynamics for SM 1. CP{-dyamics in SM 2. nonlinear dy

Two types of effective dynamics in selective measur

@ Instead of "jumps" try a "very fast" dynamical description of SM:
SM result should be an asymptotic state of an effective dynamics
caused by the interaction of the measured (sub)system
with the measuring device
e no modification of "fundamental" dynamics of quantum theories
e technical restriction: measured (sub)systems live in finite dimensional
Hiloert spaces = M = M" =3~ _ ) MPm € B(H) =~ Mn(C)
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Effective dynamics for SM 1. CPq-dyamics in SM 2. nonlinear dyamics in SM

Two types of effective dynamics in selective measur

@ Instead of "jumps" try a "very fast" dynamical description of SM:
SM result should be an asymptotic state of an effective dynamics
caused by the interaction of the measured (sub)system
with the measuring device
e no modification of "fundamental" dynamics of quantum theories
e technical restriction: measured (sub)systems live in finite dimensional
Hiloert spaces = M = M" =3~ _ ) MPm € B(H) =~ Mn(C)
@ two types of effective dynamics for density matrices (S-picture)
o(t) € Sp:= M,(C)44 in two subsequent asymptotic steps
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Effective dynamics for SM 1. CPq-dyamics in SM 2. nonlinear dyamics in SM

Two types of effective dynamics in selective measur nts (SM)

@ Instead of "jumps" try a "very fast" dynamical description of SM:
SM result should be an asymptotic state of an effective dynamics
caused by the interaction of the measured (sub)system
with the measuring device
e no modification of "fundamental" dynamics of quantum theories
e technical restriction: measured (sub)systems live in finite dimensional
Hiloert spaces = M = M" =3~ _ ) MPm € B(H) =~ Mn(C)

@ two types of effective dynamics for density matrices (S-picture)
o(t) € Sp:= M,(C)44 in two subsequent asymptotic steps
1. linear deterministic CP;-dynamics with M-decohered asymptotic state
(non-selective measurement) :

po — tLI}rTgop(t) =! Poo = Z PmPOPm
mea(M)
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Effective dynamics for SM 1. CPq-dyamics in SM 2. nonlinear dyamics in SM

Two types of effective dynamics in selective measur nts (SM)

@ Instead of "jumps" try a "very fast" dynamical description of SM:
SM result should be an asymptotic state of an effective dynamics
caused by the interaction of the measured (sub)system
with the measuring device
e no modification of "fundamental" dynamics of quantum theories
e technical restriction: measured (sub)systems live in finite dimensional
Hiloert spaces = M = M" =3~ _ ) MPm € B(H) =~ Mn(C)

@ two types of effective dynamics for density matrices (S-picture)
o(t) € Sp:= M,(C)44 in two subsequent asymptotic steps
1. linear deterministic CP;-dynamics with M-decohered asymptotic state
(non-selective measurement) :

po — tLI}rT;op(t) =! Poo = Z PmPOPm
mea(M)

2. "randomly chosen" nonlinear deterministic dynamics with M-pure
asymptotic states P € Sy := Spj(my with probability pm := Tr (po Pm)

Su 3 poojimy =: po — lim p(t) = pioo = Pm
t—oo
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Effective dynamics for SM 1. CP;-dyamics in SM 2. nonlinear dyamics in SM

1. CP; dynamics with specific Lindblad operators in SM

Describing M-decoherence, that is a non-selective measurement of
M=M"=3" ., MPm € My(C), one can rely on previous works:
Baumgartner, Narnhofer (2008), Weinberg (2016)

@ Proposition The set of asymptotic states of a Lindblad evolution

dp

. * 1 *
i =L(p) :=—i[H,p] + ; VipVic = 51V Vi, p}-

is equal to du(Sy) iff {H, Vi, Vii}' = (M). In this case any initial state
leads to an asymptotic state iff { Vi, Vi'}” = (M), and then

Sh 3 po = poo = tl_l)ﬂgo exp(tL)(po) = Pm(po) Z PmpoPm

meo(M
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Effective dynamics for SM 1. CP;-dyamics in SM 2. nonlinear dyamics in SM

1. CP; dynamics with specific Lindblad operators in SM

Describing M-decoherence, that is a non-selective measurement of
M=M"=3" ., MPm € My(C), one can rely on previous works:
Baumgartner, Narnhofer (2008), Weinberg (2016)

@ Proposition The set of asymptotic states of a Lindblad evolution

dp . 1

i =L(p) :=—i[H,p] + ; VipVic = 51V Vi, p}-

is equal to du(Sy) iff {H, Vi, Vii}' = (M). In this case any initial state
leads to an asymptotic state iff { Vi, Vi'}” = (M), and then

Sh 3 po = poo = tl_l)ﬂgo exp(tL)(po) = Pm(po) Z PmpoPm

meo(M

Proof hint:

e P projection is ‘conserved’, P = exp(tL)(P),t > 0iff P € {H, Vi, Vi'}'

= {H, Vi, Vi} = du(M,(C)) = (M)', i.e. the choice {H, Vi, Vi }' = (M)
leads to the required set of possible asymptotic states (the invariant states)
o {H, Vi, Vi'}" = (M) is abelian, hence L = L(—H, V;’) is a generator of CP;
maps = ®;,t > 0 are norm one maps
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Effective dynamics for SM 1. CP;-dyamics in SM 2. nonlinear dyamics in SM

1. CP; dynamics with specific Lindblad operators in SM

Proof hint continued:

e L: My(C) — M,(C) is not self-adjoint (or normal in general wrt the scalar
product on M,(C) given by the trace), but the generalized eigenvalue problem
(L — X)* = 0 (in Jordan blocks), hence the time evolution can be solved:

Rel < 0fork =1andRe\ < 0 for k > 1, because ®; is a norm one map

e Re A = 0 & L-eigenmatrix is in { Vi, Vi'}’ = nontrivial H-eigenvalues,

Re A = 0,Im X # 0 are excluded iff { Vi, Vi }” = (M), in that case

all initial states lead to asymptotic states, which should be invariant states
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Effective dynamics for SM 1. CP{-dyamics in SM 2. nonlinear dyamics in SM

2. Nonlinear effective dynamics in selective measurements

Aim: "randomly chosen" nonlinear deterministic dynamics on Sy := Spyj(u)
should result M-pure asymptotic states Pp with probability pm := Tr (poPm)

Sm 3 110 1= Poo|(My — froo = liM pu(t) = Pr
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Effective dynamics for SM 1. CP{-dyamics in SM 2. nonlinear dyamics in SM

2. Nonlinear effective dynamics in selective measurements

Aim: "randomly chosen" nonlinear deterministic dynamics on Sy := Spyj(u)
should result M-pure asymptotic states Pp with probability pm := Tr (poPm)

Sm 3 110 1= Poo|(My — froo = liM pu(t) = Pr

@ Sy, states (density matrices) on (M): convex combinations of spectral
projections of M, second step initial state po := ZmEU(M) PmPm
because non-selective measurement preserves probability pm
Pm = Tr (poPm) = Zm/EU(M) Tr (P po Prv Pm) = Tr (poo Pm) = Tr (120 Prm)
= two-step dynamics is consistent with experiment
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Effective dynamics for SM 1. CP{-dyamics in SM 2. nonlinear dyamics in SM

2. Nonlinear effective dynamics in selective measurements

Aim: "randomly chosen" nonlinear deterministic dynamics on Sy := Spyj(u)
should result M-pure asymptotic states Pp with probability pm := Tr (poPm)

Sm 3 110 1= Poo|(My — froo = liM pu(t) = Pr

@ Sy, states (density matrices) on (M): convex combinations of spectral
projections of M, second step initial state po := ZmEU(M) PmPm
because non-selective measurement preserves probability pm
Pm = Tr (poPm) = Zm/EU(M) Tr (P po Prv Pm) = Tr (poo Pm) = Tr (120 Prm)
= two-step dynamics is consistent with experiment

@ "randomly chosen" e € Sy dependent dynamics: du/dt = F(u, text)
with F: SM X SM — <M>sa
e effective description of the interaction change between the measuring
device and the measured system caused by various choices of the initial
state of the full system in the inverse image of the initial state o of the
measured subsystem
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Effective dynamics for SM 1. CPy- s in SM 2. nonlinear dyamics in SM

2. Nonlinear effective dynamics in selective measurements

Aim: "randomly chosen" nonlinear deterministic dynamics on Sy := Spyj(u)
should result M-pure asymptotic states Pp with probability pm := Tr (poPm)

Sm 3 0 = pooj(my = foo i= M pu(t) = Pr

@ Sy, states (density matrices) on (M): convex combinations of spectral
projections of M, second step initial state po := Zme”w) PmPm
because non-selective measurement preserves probability pm
Pm = Tr (poPm) = 3 ¢ o(aay Tt (Prv po Py Pm) = Tr (poo Pm) = Tr (110 Pm)
= two-step dynamics is consistent with experiment

@ "randomly chosen" e € Sy dependent dynamics: du/dt = F(u, text)
with F: SM X SM — <M>53
e effective description of the interaction change between the measuring
device and the measured system caused by various choices of the initial
state of the full system in the inverse image of the initial state o of the
measured subsystem e simplest "randomness": uniform distribution of
Lext € Sy with respect to the Lebesgue measure in Sy ¢ R
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Effective dynamics for SM 1. CPy- s in SM 2. nonlinear dyamics in SM

2. Nonlinear effective dynamics in selective measurements

Aim: "randomly chosen" nonlinear deterministic dynamics on Sy := Spyj(u)
should result M-pure asymptotic states Pp with probability pm := Tr (poPm)

Sm 3 0 = pooj(my = foo i= M pu(t) = Pr

@ Sy, states (density matrices) on (M): convex combinations of spectral
projections of M, second step initial state po := ZmEH(M) PmPm
because non-selective measurement preserves probability pm
Pm = Tr (poPm) = Zm/EJ(M) Tr (P po Prv Pm) = Tr (poo Pm) = Tr (120 Prm)
= two-step dynamics is consistent with experiment

@ "randomly chosen" e € Sy dependent dynamics: du/dt = F(u, text)
with F: SM X SM — <M>53
e effective description of the interaction change between the measuring
device and the measured system caused by various choices of the initial
state of the full system in the inverse image of the initial state o of the
measured subsystem e simplest "randomness": uniform distribution of
Lext € Sy with respect to the Lebesgue measure in Sy ¢ R
e note: uniqueness of effective GP-dynamics due to the uniquely chosen
initial state (sequence) |¢n)(¥n| of the full system in the inverse image
of the initial state 7,(\,1) ~ |pgp){pap| of the ‘measured’ subsystem
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Effective dynamics for SM 1. CP{-dyamics in SM 2. nonlinear dyamics in SM

2. Nonlinear toy model dynamics for M-purification

@ nonlinear dynamics on Sy = {3, piP |0 < p; < 1,> pi=1}

du
ﬁ = F(u,pext) = F(u, pext) — wTrf(u, pext), 1€ Sm
f(u, pext) = ap(Aw — pext) (1)

e a > 0 "evolution strength
o A\ = A\(p, pext) := max{x € [0, 1] | pext — ke > 0},
thatis pex = >, siP is the convex combintion pext = Ap+ >_,; AiP;
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Effective dynamics for SM 1. CP{-dyamics in SM 2. nonlinear dyamics in SM

2. Nonlinear toy model dynamics for M-purification

@ nonlinear dynamics on Sy = {31, piPi|0 < p; < 1,3 pi =1}

du
ﬁ = F(u,pext) = F(u, pext) — wTrf(u, pext), 1€ Sm

f(p, pext) = au(Au — prext) (1)

e a > 0 "evolution strength”
o A\ = A\(p, pext) := max{x € [0, 1] | pext — ke > 0},
thatis pex = >, siP is the convex combintion pext = Ap+ >_,; AiP;

@ Theorem on the fixpoint structure of the dynamics (1)
If pext € Sm is chosen uniformly wrt the Lebesgue measure on Sy then
the asymptotic state oo := limi— o p(t) of the dynamics (1) on Sy with
initial condition po = -1, p;P; is equal to P; with probability p;.
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Effective dynamics for SM 1. CP{-dyamics in SM 2. nonlinear dyamics in SM

2. Fixpoint structure of the nonlinear toy model dynamics

Proof hint
e use Picard-Lindel6f theorem on first order differential equations on a region
with Lipschitz continuity for pex = >, siPi € st
~ 6 ~ ~
IF (1, o) = F (1, pext)lloo < (4+)ll—illoo, 1 i € Dien) := Kipiext)NSu,
)

Kj(v): affine cone generated by v — P;, i # j with base v € Sy

= unique integral curves within the domains Dj(pext),j = 1,...,n
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Effective dynamics for SM 1. CP{-dyamics in SM 2. nonlinear dyamics in SM

2. Fixpoint structure of the nonlinear toy model dynamics

Proof hint
e use Picard-Lindel6f theorem on first order differential equations on a region
with Lipschitz continuity for pex = >, siPi € st
~ 6 ~ ~
IF (1, o) = F (1, pext)lloo < (4+)ll—illoo, 1 i € Dien) := Kipiext)NSu,
)

Kj(v): affine cone generated by v — P;, i # j with base v € Sy

= unique integral curves within the domains Dj(pext),j = 1,...,n

o for piext = A+ 37, AiPiand =37, r;P; the tangent vector is given by
F(h, pext) = 321 M — Pi) € Ki(p)

= integral curve remains in Dj(uex) and tends to the fixpoint P; as t — oo
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Effective dynamics for SM 1. CP{-dyamics in SM 2. nonlinear dyamics in SM

2. Fixpoint structure of the nonlinear toy model dynamics

Proof hint continued

o uniform choice of pex Within Sy with ‘repeated’ initial state o = >, piP;
= probability (= relative frequency in ‘repeated experiments’) of the
asymptotic state P; is the relative volume of the simplices S;(p0) and Su:

V(S/(H‘O)) — V(<)u07P17"'7ij17Pj+17-~~7PI7>)

V(Sw) V({Pr,....P) =hi

Py
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Closing
Closing remarks

@ In case of unbounded or continuous spectra M = fU(M) mdE(m)

(e.g. a position operator in RY)

write o(M) C R as a partition of finitely many spectral intervals =
spectral interval projections generate a finite dimensional unital abelian
subalgebra of B(#) = finite dimensional aproximations exist
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Closing
Closing remarks

@ In case of unbounded or continuous spectra M = fU(M) mdE(m)
(e.g. a position operator in RY)
write o(M) C R as a partition of finitely many spectral intervals =
spectral interval projections generate a finite dimensional unital abelian
subalgebra of B(#) = finite dimensional aproximations exist

@ In case of joint measurements of commuting operators M, ..., M)
(e.g. position operators in RY)
use products of commuting spectral (interval) projections
PP . P mi € o(MD)
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Closing
Closing remarks

@ In case of unbounded or continuous spectra M = fU(M) mdE(m)
(e.g. a position operator in RY)
write o(M) C R as a partition of finitely many spectral intervals =
spectral interval projections generate a finite dimensional unital abelian
subalgebra of B(#) = finite dimensional aproximations exist

@ In case of joint measurements of commuting operators MM, ... M(
(e.g. position operators in RY)
use products of commuting spectral (interval) projections
POPE) . P mi € o(MD)

@ Experimental verification of the dynamical nature of measurements:
needs slow ‘measuring process’ and quick switch on/off possibility of the
measuring device without disturbing the state of the measured system
e instead of the outcome distribution at { = co from t = 0 data
given po = > piP; and uniform pext in Sy — e = P; with probability p;
a switch-off and immediate switch-on at intermediate time 0 < T <
= intermediate final distribution of w7 as initial distribution with new
(uniformly chosen) pex: may lead to a different asymptotic distibution of
1o, Which is numerically calculable from the nonlinear toy dynamics

d)
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Closing remarks

@ In case of unbounded or continuous spectra M = fU(M) mdE(m)
(e.g. a position operator in RY)
write o(M) C R as a partition of finitely many spectral intervals =
spectral interval projections generate a finite dimensional unital abelian
subalgebra of B(#) = finite dimensional aproximations exist

@ In case of joint measurements of commuting operators MM, ... M(
(e.g. position operators in RY)
use products of commuting spectral (interval) projections
POPE) . P mi € o(MD)

@ Experimental verification of the dynamical nature of measurements:
needs slow ‘measuring process’ and quick switch on/off possibility of the
measuring device without disturbing the state of the measured system
e instead of the outcome distribution at { = co from t = 0 data
given po = > piP; and uniform pext in Sy — e = P; with probability p;
a switch-off and immediate switch-on at intermediate time 0 < T <
= intermediate final distribution of w7 as initial distribution with new
(uniformly chosen) pex: may lead to a different asymptotic distibution of
1o, Which is numerically calculable from the nonlinear toy dynamics

@ Try one-step dynamics: dp/dt = L(p) + F(p, juext) With extended
F: Sy x Sy — M(C)sa = two-step dynamics may arise as a — 0

P. Vecsernyés Toy model for selective measurement
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