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Lattice Gauge Theory

Recall: The Pure Yang-Mills Lagrangian

L= —g0 Tr(Fu F*)
Where F,, = 0,A, — ,A, + i[Au, Al
and A, (x) 5 AL (x) = Q(x)A, ()21 (x) + iQ(x)8,Q1 (x)

Up(x) = Pei J" A

Uu(x) 55 Q(x) U (x)Q1 (x + af)
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Lattice Gauge Theory

@ The Gauge Fields live on the links of the Lattice in SU(N)
e Continuum limit (a — 0) reproduces the Pure Gauge Action

@ Methods of calculation include strong coupling expansion,
perturbation theory, and Monte Carlo Simulations

Where, U, (x) = Uu(x) U, (x + fi) U):(x + D)UJ(x) and A = g2N is the
't Hooft coupling

W) = % / 11 dUM(x)% Tr(Up, ... Uy,) exp(—S)
X1

z= / TT dUs(x) exp(—S$)
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Strong Coupling Expansion

@ This is in the limit of % — 0 and g2 — oo which allows us to expand
about the exponential in the path integral.

2
AT T () N
e2x 2px " Up 1+—ZTrU (D\;TrUp(x)> +...

o Calculating the value of Wilson Loops then just becomes a matter of
combinatorics.

@ Unfortunately the strong coupling limit does not correspond with the
continuum physics that we are interested in
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Solution of the plaquette

The Haar measure is normalized such that

/dU_l

1

/ dUU; Ul = 0idi

We then find that to first order that

N 1 (1) 4 /(2) )BTy ) Bty (B 4 4(3) 4 (DT (DT
<WD> = 5 / dU1'~~4NUi1i2 Ui2i3 Ul'z;i4 Ui4i1 Ujljz szi3 Uj3j4 UJ'4J'1
11

=X & Oivia Oiaia Oiaja Oinjs Oy Oy Oip Oy

_ 1
2)
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The Lattice Loop Equations

The dynamics of Yang-Mills theories are described by the Schwinger-Dyson
equations

)
JAZ(x)
The lattice loop equations are derived by performing a change of variables
on a single link

abrb w.s.
~VZF(x) = h

Un(x) = (1 + ien(x)) Un(x)
UL(x) = UL()(1 = ieu(x))

Where, €, is a traceless, hermitian matrix. This results in the lattice
version of the Schwinger-Dyson equations. (Migdal-Makeenko 1979)

(—6.SW2P + 5. W2 =0
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Derivation of Loop Equations

Varying the link Uq(x)

iN
<Mﬂ<§}ﬁ%%%@+%@%%

—w%@%—@%w%gwu

+ iengkj + Z W”eZ‘ij - Z W”eZ‘W"j> =0

n

IkAkI

Isolating € gives € = 0, resulting in

ajj
AZ'I “y 5kl 0
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The Lattice Loop Equations

Lattice Loop Equations

2 Weu) + (1= 257 =) o)

1

Where 7., = £1 depending if the link is parallel or anti-parallel

Note: There was no restriction of the action or the choice of gauge
throughout the derivation
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Large-N limit of QCD

In the large-N limit the expectation value of the product of Wilson loops
will factorize in the following manner. (Migdal 1980)

1

WiW,) — W1y (Ws) + O </\/2>

Lattice Loop Equation

1

§<Wau> + W) + Z Tm{Wam) Wmn) =0

Where 7, = +1 depending if the link is parallel or anti-parallel
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Gross-Witten Solution of QCD,

Choosing Axial Gauge

Ui=1
The partition function factorizes
Z2d = 210
Then all observables are
1 n
W, = <N TrUp)1p

Where n is the number of times the plaquette is wrapped around.

QCD, loop equation

n—1
Was1 — Wao1 +2AW, + 20 " W, W, , =0
p=1
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Gross-Witten Solution

By choosing a holomorphic generating function f = > _,z"W,, where z
is within the unit circle, one finds the exact solution

Wo =1
Wy = i A>1
227 =
lelfg,)\<1
n—1
Whir = Wo1 = 20W, = 20> W, W,_,
p=1

At A =1 a third order phase transition was discovered by Gross and
Witten, which is unusual in statistical physics. Where the phase transitions
usually occur in the infinite volume limit.
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A Numerical Approach

o Wy =1 (from Unitarity) and W is desired

o Wyi1 = P(Ws), where P(W;) is a polynomial derived from the loop
equation

o W+ =0, Truncate loops larger than certain length

@ Roots of the polynomial correspond with the upperbound of the value
of plaquette

Loop Equation, QCD,

n—1

Wasr = Wa1 — 2AW, =20 " W, W, ,
p=1
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Marchesini's Method

04
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The Large Loop Cutoff QCD,4

Consider the loop equation in the following form

1

KijWj + W + Gy W Wy, = o

oi

The equation for i =1

1 1
ﬁKHjo+ Wi = ﬁ

Truncate up to L = 8 (33 Wilson loops), taking i,j > 1

1 1
oy i Wi + Wi = — o Koy Wh — G WP

=W, =—(K+ 2)\)—1(KH1 Wi + 220G W12)
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Solution of W,
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Solution Behavior
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Marchesini's Iterative Approach

@ To avoid the poles of the K~! matrix one can iteratively apply K and
then truncate loops that grow too big

1
W; = 5(5;1 — K,'_U‘VVJ' - Ci~>jkVVjWk
p—1
WP = KW - Gy S whw P
1=1
1
wt) = = i
T

@ Every iteration grows or shrinks the loops, eventually to a plaquette

1 n
Wi = (_2)\) KI'*).I'I }<jl*>j2 ce anflﬁjnéjﬂl

@ This is equivalent to strong coupling
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The Generalized Method

Consider the following basis

We can now identify H,-j = Tr (UT(C;)U(C;)) which is by definition a
positive semi-definite matrix, which is populated with Wilson loops.
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The Generalized Method (cont)

Hy = Tr (UT(C,-)U(CJ-)) >0

C; is the path from 0 — x

All eigenvalues are 0 or positive

Determinant and leading principal minors are 0 or positive

All parameters of Hj; (Wilson loops) are constrained to a hyper-cone

When combined with the loop equations the values of the Wilson
loops become severely restricted
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Applying to QCD,

Let

A:ZC/U;;

i=1
This results in Hj; being a Toeplitz matrix with the basis
WO, Wla W27 sy Wn-

Wo Wi W - W,

Wy W, Wi :
Hi=1w, wi W W
Y m

W, Wo Wi W
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Example, n = 2

The Hjj matrix results in the following constraints on the Wilson loops
{ngl,ngl,WQZQWf—l}
While the loop equation tells us
Wo — Wo +2\W;1 =0

When combined it results in the following

A1
<« 242 2
Wi< -2+ 5Va+ A

=<
A

<
IA
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Expectation value of plaquette vs. 't Hooft coupling: 2D case

1

lower bound keeping up to Wy ——— upper bound keeping up to Wy — . — Exact solution

bounds keeping up to Wy
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Numerical Solutions to QCDy4

@ The number of Wilson loops are rather large now and grows greatly
with the length of the loops

o L=4—-2

o L=6—5

e L =8-—33

o L =10— 421

o L =12—9803
e L =14 — 300000

@ The method of calculating loops is similar. However, they are now
computationally much more expensive.

@ The basis is also non-trivial and must be formed in such a way to
include all loops included in loop equations
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Semidefinite Programming

Minimize
Tr(CX)
such that
> Tr(AiX) = b;
X>=0

There are a lot of robust solvers that currently exist and are implemented
using convex optimization. However, it can only handle linear problems.
Fails when the loops self-intersect.
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Optimizing Calculation

@ SDP is extremely efficient at handling linear problems
e Additional loop equations (Loop Bianchi Identity) were included

@ The first self-intersecting loop equations (non-linear) enter in at
L =12. SDP can provide bounds to the loops, which will simplify the
numerical calculations

@ Selecting the basis is non-trivial and reduce the complexity of the
problem greatly
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Supersymmertric Lattice Gauge Theory

The N = 4 SYM Lattice Action

5 = QA S Sclosed _ ()
N=3", a* Tr(xabFap + 1D5 "Us — Snd)

_ 1 4 A\~
Sclosed = —3 D @ €abedeXdeDY ) Xab
The SUSY variations are (n+ 7 (ot T+ )
MZ(TI]T fu(lly
2 (n)
Qua = 7/)3
Q¢a =0
QU; =0 _ )| s
QXab — —Jab M ) u‘(m.y,u(m(nwl)
On=d
Qd =0 Figure : An example of the sitelinks and fermions

in the hypercubic formulation (Catterall).
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Applying to SYM N = 4

The lattice action is now much larger and includes fermions

Computationally much harder to calculate

The Ward identities from the exactly preserved SUSY charge will
enter into the problem.

These are able to produce a subset of purely bosonic loop equations
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@ The numerical methods presented here are able to put tight bounds
on the analytic solution in QCD>

@ Results obtained so far in QCD4 suggest that they can be expanded
to the non-linear regime which should tighten the lower bound
significantly

@ For now focus will be on selecting a proper basis that encapsulates all
of the necessary constraints

@ Future work includes developing the lattice loop equations for lattice
N =4 SYM that incorparate the Ward identities and investigating
finite N
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Questions?

Thank you for your attention
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