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Abstract. We present a possible extension of the usual relativistitetan mean field models widely used to
describe nuclear matter towards accounting for the infla@fipossible intrinsic fluctuations caused by the envi-
ronment. Rather than individually identifying their pattiar causes we concentrate on the fact that stfelets

can be summarily incorporated in the changing of the siediisbackground used, from the usual (extensive)
Boltzman-Gibbs one to the nonextensive taken in the formppgsed by Tsallis with a dimensionless nonexten-
sivity parameten responsible for the above mentiondteets (forq — 1 one recovers the usual BG case). We
illustrate this proposition on the example of the QCD-badathbu - Jona-Lasinio (NJL) model of a many-body
field theory describing the behavior of strongly interagtmatter presenting its nonextensive version. We check
the sensitivity of the usual NJL model to a departure fromBl&escenario expressed by the valudpt 1], in
particular in the vicinity of critical points.

1 Introduction a special treatment of kinetic theory investigating com-
plex systems in their nonequilibrium stationary stateg.[10
In all studies of relativistic properties of nuclear matter Some examples of more specialized topics can be found
mean field models are usually the models of first choice in [11] and references therein. For an illustration, thel-Tsa
[1,2]. These models use a statistical approach based oris distribution,hq(E), and BG distributionf(E), are con-
Boltzmann-Gibbs (BG) statistics which is, strictly speak- nected as follows:
ing, only correct when the corresponding heat bath is ho- a
mogeneous and infinite. These conditions are by nomeans () = exp, (_E) _2-4¢ [1 —(1- q)E] S
met in realistic situations in which nuclear matter occurs. T T T
Usually one encounters some inherent problems arising, iy f(E) = 1 exp(—E). @)
for example, from the smallness of the collisional systems T T
and their rapid evolution. These, among other things, ren-
der the spatial configuration of the system far from uniform
and prevent global equilibrium from being established (cf.
[3] and references therein). As a result, some quantities be
come non extensive and develop power-law tailed rather
than exponential distributions. The widely used way to ac-
count for these féects is to resort to a nonextensive statis-
tics, known agy-statistics [4]. The new phenomenologi-
cal nonextensivity parametgioccurring there is supposed
to account for all possible dynamical factors violating the
assumptions of the usual BG statistics. This is recovere
in the limit of g — 1. Because it enters into the respec-
tive formulas of the particular dynamical model used for
a given investigation, it allows for a simple phenomeno-

Iogipa[ check of the stability of the model against possible 1 one must admit at this point that this approach is subjected t
deviations from the BG approach. arather hot debate of whether it is consistent with the dayitim

So far, applications of the nonextensive approach arethermodynamics or else it is only a handy way to a phenomeno-
numerous and cover all branches of physics [5]. These in-|ogical description of some intrinsic fluctuations in thestgm
clude high energy multiparticle production processes (cf. [16]. It should be therefore noticed that it was demonstrate
[6]) and diferent aspects of nuclear and quark matter [7— general grounds [17] that fluctuation phenomena can be-incor
9]. The nonextensive framework can also be derived from porated into a traditional presentation of a thermodynaffife
Tsallis distribution (1) belongs to the class of general iadihle
* Presented by G.Wilk distributions which satisfy thermodynamical consistenopdi-
a8 e-mail:rozynek@fuw.edu.pl tions and which are therefore a natural extension of thel iBBa
b e-mail:wilk@fuw.edu.pl canonical distribution (2).

It is usually argued that, for thg > 1 casegq—-1is a
measure of intrinsic fluctuations of the temperature in the
system considered [12], wheregs 1 is usually attributed

to some specific correlations limiting the available phase
space [13] or to the possible fractality of the allowed phase
space [14] (other possible interpretations were consitlere
in [11])*.

For our further considerations of importance are re-
cent applications of nonextensive statistics in desanipti
dof nuclear [18] and quarkonic matter [8,19, 20], the later
of which we shall continue here. In [18], tlipversion of
the Walecka many-body field theory [1] has been investi-
gated. It was shown there thaistatistics results in the en-
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hancement of the scalar and vector meson fields in nucleafThe internal energykE, the entropy,S, and the particle
matter, in diminishing of the nucleorffective mass and in
hardening of the nuclear equation of state (onlydhe 1
case was considered there). In [8] the relativistic equatio

number)N;, are given by [21] (her&; = 1/Miz + p9):

2 .
of state of hadronic matter and a quark-gluon plasma atfi- E = —&ZCV Z [f pzdmeM'(l -n - ﬁi)] —
nite temperature and baryon density was investigated in the ™ iZids E
framework of nonextensive statistical mechanics. In our _ W2 NN =
work [19] we investigated a nonextensive version of an- —gsV Z (&))" ~ 200V(Tu)(dd)(ss). ()
other mean field theory, namely the QCD-based Nambu i=ud,s
- Jona-Lasinio (NJL) model of a many-body field theory _ N 2 &
describing the behavior of strongly interacting matter pre S = _FVI_%;S[ pdp- S, ()

sented recently in [21]. This time, unlike in [18], we used N

the quark rather than the hadronic degrees of freedom and, where S = [ni Inm+(1-mn)In(l- ni)] +
because of this, we had to consider both ¢he 1 and

g < 1 cases. Thig-NJL model allowed us to discuss the
g-dependence of the chiral phase transition in dense quark Nc 2 _

matter, in particular the quark condensates andfileetve Ni = ?pr dp (i — ). )
guark masses and their influence on the massesafic ) ]

mesons and on the spinodal decomposition (cf., [19] for The guark and antiquark occupation humbers are, respec-

details). These results helped us proceed further and contiVely;

+[ni —>1—ﬁi],

sider critical phenomena in strongly interaction matter us 1

ing g-statistics (these phenomena are of interest nowadays, n = ) (8)
cf., for example, [23,24], but were so far not investigated texplB (B — )] - 1}

in non-equilibrium environment provided lyystatistics). m = 1 9)
In particular, we shall now concentrate on the influence of {exp[(B(Ei + )] + 1}

dynamical factors causing nonextensivity and representedand with them one calculates values of the quark conden-
by the parameteg in the vicinity of thecritical end point q

(CEP) sates presentin Eq. (3),

_ N M —
<qiqi> = _71._20 Z [pr(l - ni—n;)(dp. (10)
2 Basic elements of the g-NJL model I=ud.s I

Egs. (3) and (10) form a self consistent set of equations
from which one gets thefkective quark massel; and
values of the corresponding quark condensates.

The values of the pressure, and the energy density,
€, are defined as:

Qui, T
We start with the usual QCD based NJL model based on Plui, T) = _%’ €@, T) =
BG statistics discussed in [21]. It is the stand&!d(3) with  P(0,0) = €(0,0) = 0.
NJL model withU(1)a symmetry described in, with the
usual Lagrangian of the NJL model used in a form suitable
for the bosonization procedure (with four quarks interac- 2.2 The q extension of the NJL model - the  g-NJL
tions only), from which we obtain the gap equations for

First we present the basic elements of thBlJL model
introduced in [19] (to which we refer for more details).

2.1 The usual NJL model

E(wi, T)
—v a1

the constituent quark massks: Theg-statistics is introduced by using tlagform of quan-
tum distributions for fermions«{1) and bosons—1) in
Mi=m - ng<q_iqi> - ZgD<q_jqj><q_qu>, 3 Eqgs. (8) and (9). This is done following a prescription pro-
vided in [15], namely by replacingandn by

with cyclic permutation ofi, jk = u,d, s and with the

quark condensates given t@q& = —iTrSi(p)] (Si(p) 4= = 1 , (12)
is the quark Green functioniy denotes the current mass &(B(Eg — i) £ 1
of quark of flavori. We consider a system of volumé (the important point to notice is that one encounters here

temperaturd and thé™ quark chemical potentia char- ) .

acterized by the baryonic thermodynamic potential of the Ea = +/ M3 + P2 i.e., that because dfly also energy is

grand canonical ensemble (with quark density equal to now ag-dependent quantity). Denoting= B(E — u) one

Ni/V, the baryonic chemical potentia = %(,uu + g + ps) has that foig > 1

and the baryonic matter densit = (py + pd + ps)), .
y y@s= 3(ou +pd + ps)) D41 i x>0

QT N,m)=E-TS= > uNi 4) &(X) = ) . (13)

i=ud,s [l+@A-gxT if x<0
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whereas foqg < 1 3 Results
1 .
) [1+(q-1)+* if x<O Before presenting our results concerning nonextensite cri
&(x) = . . (14) ical effects we shortly repeat the previous results (cf., [19,
[I+@-gx™ if x>0 20]). In Fig. 1 we present the typical pressure at critical

o ] temperaturd ., obtained in ag-NJL model as a function
This is because only then can one consistently treat on theyf compressiom/po calculated for derent values of the

same_footing guarks and ant_iquarks (and for all values of nonextensivity parametey (see [19] for more details on
X). This should show the particle-hole symmetry observed

in the g-Fermi distribution in plasma containing both par-
ticles and antiparticles, namely that 40

nq(E’IB»#’ q) =1- n2—q(_E’ﬂ’ _#) (15)

This means, therefore, thatin a system containing both par-
ticles and antiparticles (as in our case) bgtand 2- g
occur (or, when expressed by a singlenly, one can en-
counter botlg > 1 andq < 1 at the same time). These dual
possibilities warn us that not onty> 1 but alsog < 1 (or

(2 - g) > 1 have physical meaning in the systems we are
considering. This dferentiates oug-NJL model from the
g-version of the model presented in [18]. Notice that for
g — 1 one recovers the standard FD distributiogu, T).
Actually, it is important to realize that foF — 0 one al-
ways getsng(u, T) — n(u, T), irrespectively of the value

of g [18]. This means that we can expect any nonextensive
signature only for high enough temperatures (how high de-
pends on circumstances and on the kind of observable con-
sidered, for illustration of this point see results presdrit

our paper [19] and Fig. 2 below).

Ourg-NJL model is then obtained by replacing the for-
mulas of Section 2.1 with thefrcounterparts in what con-
cerns the form of the FD distributions. Additionally, when
calculating energies and condensates we follow [7,8] and
use theg-versions quark condensates, replacing Egs. (10),
(3) and (5) by theig-forms:

ZM .
(@a), =1 > | [ PEa - ry-p|dp. 16) e
i=u,d,s a .0 1.2 1.4 1.6 1.8 2.0

My = m - 20,(da), - 20,(Gi0)) (G4, @7) e

2 M. Fig. 1. The pressure at critical temperatufg as a function of
Eq = _&VZ [f pzdpp + M Mo (1- nd — ﬁq')] _ compressiom/po calculated for dierent values of the nonexten-
2 Eq a a sivity parameten (the area marked at the upper panel is shown

) in detail in the lower panel). The dots indicate positiongtef
_ a o _ T 1d) (& inflection points for which first derivative of pressure byngo

gsV Z (<q'q' >q) ZgDV<uu>Q<dd>Q<SS>Q'(18) pression vanishes. As in [21] foy = 1 the corresponding com-
pression iso/po = 1.67 (and this leads tp = 3185 MeV); it
On the other hand, again following [7, 8], densities which remains the same fay > 1 considered here (but now = 321
are given by the thg-version of Eq. (7) are calculated with MeV for g = 1.01 andu = 3261 MeV for q = 1.02) whereas it is
ng's (not with ng, as in (18) and in (16)). The pressure for shifted top/po = 1.72 forg < 1 (u = 313 MeV forq = 0.99 and
givenq is calculated using the abo¥#® and theg-entropy = 307.7 MeV for q = 0.98).
version of Eq. (6) with (cf. [15])

P(MeV)

P(MeV)

i=u,d,s

i=u,d,s

Sq = [nqi Ing Ngi + (1 — ngi)9Ing(1 - nqi)] + spinodial decomposition and chiral symmetry restoration
d in g-NJL modelf. Notice that the ffect is stronger for

+{ng — 1-1g}.. (19)

2 There is still an ongoing discussion on the meaning of the

Eg. (16) together with the-version of the gap equation, temperature in nonextensive systems. However, in our ¢ese t
Eq. (17), are the basic equations from which one deducessmall values of the parametgrdeduced from the data allow us
all results presented here. to argue that, to first approximatiofiy = T used here and in [18].
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g < 1 and that, essentially, the saddle point remains atbefore). Therefore when analyzing experimental data one
the same value of compression. When one moves awaymost probably will encounter such a critical area instead of
from the critical temperature, the typical spinodal stmuet  a well defined CEP.

occurs, which is more pronounced for lower temperatures

whereas its sensitivity to tregparameter gets stronger with
increasing temperature (cf., [19]). However, it occurg,tha
for each temperature (even for very small ong):al ex-

ists for which there is no more mixed phase and for which
the spinodal ffect vanishes. This seems to be a quite nat-
ural éfect in the scenario in which > 1 is attributed to

the fluctuations of the temperature in a system considered

as proposed in [12]. On the contraryfexts like correla-
tions or limitations of the phase space considered in [13,
14] work towards an increase of thig and make the spin-
odal éfect more pronounced.

A few remarks are in order here (for more detailed dis-
cussion we refer to [19]). Nonextensive dynamics enter
the NJL calculations through the quark (antiquark) number
distribution functionsng (ng). These functions are con-
nected with the respective quark (antiquarks) spectratfun
tions in the NJL model. However, deviations from the ex-
ponential shape of-exponents, as defined in Eqgs. (13)
and (14), are negligible for values gfclose to unity (in
our case M8 < g < 1.02). It is also important to notice
that Egs. (13) and (14) are symmetric fpk> 1 — g. The
differences betweeg < 1 andq > 1 cases observed in

200 —————
180 }--
160 |
140
120
100
80
60
40
20

T(MeV)
TMev) S

1]
o

300 p(MeV) 350

50 100 150 200 250 300 350 400
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Fig. 2. Phase diagram in the-NJL model inT — u plane for
values ofq considered beforeg = 0.98, 1.0, 1.02. Solid and
dashed lines denote, respectively, first order and crosghase
transitions. The results are presented for threBedint values
of the nonextensivity parameter with the vicinity of the -
dependent) critical end points (CEP) enlarged in the ifflee
crossover phase transition fpe= 0.98 and foru — 0 takes place

our results are then due to our way of defining the energyfor a smaller temperaturE.

(18) and entropy (19), which, following [7,8], we do by
usingnig andn?y; instead ofng andng; 3, Because now
for q < 1 distributionsn%; andn‘; are closer to unity than
ng andng;, therefore the absolute values of quark conden-
sates (as given by Eq. (16)) begin to decrease|fer0.98

at lower temperature as compared with the= 1 case.

Therefore the corresponding energy is larger, which means;

thatg < 1 introduces some residual attractive correlations
which rise the energy and lead to hadronization occurring
at lower temperature. On the other hagd; 1 introduces
fluctuations which decrease thffextive occupationsfy
andn9;) and the energy, and smears out the chiral phas
transition. In Fig. 2 we present our phase diagram in the
u — T plane for diferent nonextensivity parameters con-
sidered here with positions of the corresponding critical
end points (CEP) for dierent values odj clearly indicated.
The overlap of curves observed in Fig. 2 (inlet) indicates
how the critical end point is smeared to a kind of critical
area. This is because fireballs created ifiedent events
can have dferent values of] (representing, as mentioned
before, action of all factors responsible for the departure
of our system from the usual BG approach - not specified
here in detail but, in general, resulting in specific correla
tions of quarks or fluctuations of temperature mentioned

In high energy physics it is just the hadronizing temperatand
instead of the state of equilibrium one deals there with skima
of stationary state). For a thorough discussion of the teatpee
of nonextensive systems, see [22].

3 It is worth notice that in [18], which considers only the>
1 case and uses number distributions without powers, dfie
significant éfects were obtained only for much larger values of
the nonextensive parametge 1.2

The role of all these factors is shown in more detail in
Fig. 3 which shows the baryon compressjgip, (calcu-
lated in the vicinity of the critical values of temperature
and density indicated by the corresponding dotted lines) as
he function of the chemical potentialfor different val-
ues of the nonextensivity parametgr= 0.98, 1.00,1.02.
Notice the remarkable flerence of the density derivative
at the critical point: from the smooth transition through th
critical point forq < 1 to a big jump in density for critical

€value of chemical potential fay > 1. It reflects the infinite

values of the baryon number susceptibility;

LDl e

i=u,d,s i=u,d,s
The transition between the confined and deconfined phases
andor chiral phase transition [23] can be seen by measur-
ing, event by event, the fierence in the magnitude of local
fluctuation of the net baryon number in a heavy ion colli-
sion [25]. They are initiated and driven mainly by the quark
number fluctuation, described here jpy, and can sur-
vive through the freezout [25]. Consequently, our g-NJL
model allows us to make the fine tuning for the magnitude
of baryon number fluctuations (measured, for example, by
the charge fluctuations of protons) and to find the value
of the parameteq characteristic for this system. However,

it does not allow us to dierentiate between possible dy-
namical mechanisms of baryon fluctuation. We close by
noticing that usingy dependenjs leads tog-dependent
parametefe of the critical exponents which describe the
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Fig. 3. The baryon compressigtypo (calculated in the vicinity of the critical values of tempemre and density indicated by the corre-
sponding dotted lines) as function of the chemical potéptiar different values of the nonextensivity parametes, 0.98,1.00, 1.02.
The summary presented in the top-left panel is detailedarthhee consecutive panels.

behavior of baryon number susceptibilities near the criti- two ways: by rather straightforward replacement of exp(
cal point [26]. Whereas in the mean field universality class by the respective exp() in Eq. (12) and by quite involved
one hase = ¢ = 2/3, our preliminary results using the g-dependence d¥ly given by the gap equation (17). There-
g-NJL model show a smaller value of this parameter for fore,
g> 1, (e ~ 0.6 for g=1.02) and greater faq < 1 (¢ ~ 0.8 1
for g=0.98). It would be interesting to deduce the corre- = —
sponding values of] from different models and compare xe(ue T) = 2T e (ue) + x ()] (22)
them with results on a lattice which, by definition, should
correspond ta = 1 (it should be mentioned at this point
that there are already attempts to apply Monte Carlo meth- 1—n.\[@ Mo OM.:
ods, simulating lattice gauge field dynamics as based on y (ug)= Zlfpzdpnéi( qn) (1— _q'_q')
non-extensive rather than extensive thermodynamics, see iZud, N Eq dus
[27] and references therein). 1- i\ f@ _ _
) ; _ _ — Ngi Mg My

In order to further investigate theedependence ofg X (us)= Zlfpzdpnzi( — ) (1+ _q_q)
let us rewrite Eq. (20) in the following form (recall that iZud, T\ ng Eq Ous
p = Ng/V andNy is g-version of Eq. (7)):

with

k]

k]

where

1 5 ang  dng;
Xe= o i;gfp oGt ) @D f@=@2-a if (a-1)Ey-pue)>0,
h f(g) =q. otherwise
Theg-versions of occupation numberg; andng, are taken
from Eq. (12). Theg-version of energies there depend on Our results are presented in Figs. 4 and 5. It turns out
massed;, which are given by gap equation (17) ina quite that the chiral phase transition investigated here (Fig. 5)
involved way. Therefore, thg-dependence enters here in is mainly driven by the behavior of the light quark mass
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-300 — Fig. 5. The ug dependence of the baryon number susceptibil-
I =101 ity, xs, in the vicinity of the critical region, calculated accardi
-250 | to Eq. (21) for diferent nonextensivity nonextensive parameters,
P H g = 0.99, 10 and 101. Notice that it is essentially identical with
I =200 1 results presented in the bottom panel of Fig. 4.
ijx I ]
3 1501 ]
3 100; | We have investigated two possible scenarios corres-
Raad] q=0.9 ponding toq > 1 andq < 1, respectively, which, as men-
50| 9\ i tioned, correspond to fierent physical interpretations of
i . the nonextensivity parameter. Fpk 1 (usually connected
--------- e with some specific correlations [13] or with fractal charac-

320 325
us(MeV)

806305 310 315 ter of the phase space [14]) we observe a decreasing of

pressure, which reaches negative values for a brgad (
dependent) range of temperatures and increasing of the
critical temperaturé. Theq > 1 case (usually connected
with some specific nonstatistical fluctuations existing in
calculated according to Eq. (16) forfitirent values of the nonex-  the system [12]) we observe a decreasing of the critical
tensivity parameteg: q = 0.99, 10 and 101. Bottom panel: the ~ temperature]it, and therefore in the limit of largg we
us dependence of the chemical potential derivative of thetligh do not have a mixed phase but rather a quark gas in the
quark massMg, calculated according to Eq. (17) in the critical deconfined phase above the critical line (on the contrary,
region for the same values qfas above. the compression at critical temperature does not depend on
g. As in [18] the resulting equation of state isfir (in
the sense that for a given density we get larger pressure

. , o . . with increasingg). As expected, theftects depend on the
derivative, see Fig. 4, which in turn is determined by the (emperature, and tend to vanish when the temperature ap-
behavior of the light condensate, cf., Fig. 3. Thus the dy- hoaches zero. Fig. 3 shows that the nonequilibrium statis-
namic of the nonextensivefects is generated not so much ics dilutes the border between the crossover and the first
by the nonextensive form of occupation numbers in EQ. grder transition. Finally, Figs. 4 and 5 demonstrate that th
(12) but rather by the main gap equation (3) where both the p,5g¢ importang-dependence is coming from the main gap
condensates and th&ective quark masses are present. equation (3), where both the condensates andfieetive
guark masses are present, rather than from the the nonex-
tensive form of occupation numbers in Eq. (12).

We would like to end by stressing that our results could
be of interest for investigations aimed at finding the criti-
We have investigated the sensitivity of critical behavibr o cal point in high energy heavy ion collisions [3] or when
the QCD based NJL type of mean theory type presented instudying particularities of the equation of state (EoS) of
[21], theg-NJL model, to the departure from the conditions compact stars [29]. The fact that they depend on the pa-
required by the application of the BG approach by using rameterg means that the exact position of such a point or
the Tsallis version of nonextensive statistical mechanicsthe type or shape of EoS could be quit&elient from what
[4]. All factors causing this departure are summarily de- is naively expected.
scribed by the nonextensivity parametgsuch thag — 1
guantifies departure from the BG situation (which is recov-
ered forq — 1).

Fig. 4. Upper panel: the chemical potentials] dependence of
the light quarks condensate in the vicinity of the criticadjion

4 Summary

4 It acts therefore in the same way as including of the Polyakov
loop into the NJL model [28].
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