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Máté Lencsés

Wigner Research Centre for Physics, Theoretical Physics
Seminar

M. Lencsés, A. Miscioscia, G. Mussardo, G. Takács
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IM in magnetic field: the Yang–Lee
singularity

• 2D Ising model (IM) in external magnetic field:

H = −J
∑
⟨i ,j⟩

si sj + h
∑
i

si ; si = ±1

• Let z = e−βh = e iθ, then the zeros of the partition function
Z (z) are located on the unit circle (Lee, Yang, 1952).

zz z

T > Tc T < TcT = Tc

−θ0

+θ0



IM in magnetic field: Yang–Lee singularity

• T > Tc : density of zeros is anomalous (Kortmann, Griffith,
1971):

η(θ)
θ→θ0∼ |θ − θ0|α

• Fisher (1978):

LYL =
1

2
∂µφ∂

µφ+ (h − ihc)φ+ iγφ3 + . . .

• Cardy (1985): Non-unitary minimal conformal field theory
M(2, 5), ceff = 2/5

{I, ϕ}; ϕ× ϕ = I+ ϕ



IM in magnetic field: Yang–Lee singularity
• von Gehlen (1991): 1D quantum Ising in imaginary
longitudinal field, exact diagonalization

• Scaling field theory around the Ising fixed point (”Ising
spectroscopy”, Zamolodchikov et. al. 2001, 2006, 2011, 2013,
2022, 2023):

A = ACFT + λ

∫
d2xε+ ih∥

∫
d2xσ

• PT symmetry: σ → −σ, i → −i
• Spontaneous breaking: complex spectrum

Ising fixed point

Yang–Lee fixed point

iσϵF
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Tricritical Ising Model
• Blume–Capel model

HBC = −J
N∑

⟨i,j⟩
si sj ti tj − Ω

N∑
i=1

ti − H
N∑
i=1

si ti

−H3

N∑
⟨i,j⟩

(si ti tj + sj tj ti )− K
N∑

⟨i,j⟩
ti tj si = ±1; ti = 0, 1

• Tricritical point (tricritical Ising model, TIM):
H = H3 = K = 0, phase diagram:

J

Ω−1

Low
Temperature

High
Temperature

2nd order

1st order

IM

TIM



TIM: Scaling limit

• M(4, 5) unitary minimal model

• 2 nontrivial relavant even fields: ϵ,t

• 2 odd fields: σ,σ′

• PT : ϵ, t → ϵ, t, σ, σ′ → −σ,−σ′

Tricritical fixed point

Non-unitary tricritical
fixed point

ϵ
iσ

iσ′
t



Imaginary magnetic field

• von Gehlen 1994 from the lattice version: 1d quantum
Blume–Capel chain

• 2nd order Lee–Yang line M(2, 5) ending in a tricritical point
M(2, 7)

• In agreement with ceff theorem (Castro-Alvaredo et al. 2017):

c IReff < cUVeff =
7

10

• What happens in the scaling field theory?
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Truncated space approach: finite size
spectrum of a QFT

• Yurov, Zamolodchikov 1990 (around Yang–Lee fixed point)

• The Hamiltonian in the scaling limit:

H = H0 + V

• Finite volume: discrete spectrum

• Diagonalize H using H0 as a basis (matrix elements of V can
be calculated)

• Truncation: keep states with energy below a cut-off E < Λ

• Hope for convergence

• The more relevent the perturbation, the more convergent it is.



Ising model
•

H = HCFT + λ

∫ R

0
dxϵ+ ih∥

∫ R

0
dxσ

• We tune the imaginary magnetic field ih∥ with fixed λ, in
finite volume R, with PBC.

• Look for Ei ∝ 1
R

• See also Fonseca, Zamolodchikov 2001, Xu, Zamolodchikov
2022,2023

Ising fixed point

Yang–Lee fixed point

iσϵF



Results from truncated space: Ising model

We tune the imaginary magnetic field ih∥ with fixed λ, in finite
volume R, with PBC.
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Tricritical Ising model
•

H = HCFT+µ

∫ R

0

ϵ(x , y)dx+ih

∫ R

0

σ(x , y)dx+ih′
∫ R

0

σ′(x , y)dx+v

∫ R

0

t(x , y)dx

• We tune both imaginary magnetic fields with fixed
µ ̸= 0; v = 0 to get ∝ 1/R spectrum

Tricritical fixed point

Nonunitary tricritical
fixed point

ϵ
iσ

iσ′
t



Results from truncated space: Tricritical
Ising model

• We tune both imaginary magnetic fields with fixed
µ ̸= 0; v = 0

• ϵ generates a mass scale: µ = 10−4

2π M ′9/5; the dimensionless
couplings:

ζ =
h

M ′77/72
, ζ ′ =

h′

M ′5/8
, (1)

ζ

ζ ′

A.

B.

v ̸= 0 is required!



Results from truncated space: Tricritical
Ising model

Critical YL: M(2, 5); Tricritical YL: M(2, 7) (von Gehlen)
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Unitary multicriticality and Z2 breaking
• Ising like models, critical surfaces: Z2 symmetry breaking
• Multicritical points: unitary minimal series: M(p, p + 1) (A

invariant): Ising M(3, 4), tricritical Ising M(4, 5), tetracritical
M(5, 6) etc. (Zamolodchikov 1986)

• General phase diagram: M(p − 1, p) critical surface,
boundary: codimension 1 M(p, p + 1)

• Series of massless flows M(p, p + 1) → M(p − 1, p)
(Zamolodchikov 1991)
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Non-unitary multicriticality and PT
breaking

• We conjecture, that in general, the n-th multicritical
Yang–Lee model is M(2, 2n + 3)

• They are related to PT symmetry breaking: [H,PT ] = 0.
• Real spectrum: unbroken
• Complex conjugate pairs in the spectrum: broken

• Analogy with unitary multicriticality: critical M(2, 2n + 1)
surfaces with codimension 1 boundary M(2, 2n + 3)

• Series of massless flows M(2, 2n + 3) → M(2, 2n + 1)

...

M(5, 6)

M(4, 5)

M(3, 4)

...

M(2, 9)

M(2, 7)

M(2, 5)

...

Tetracritical

Tricritical

Critical

Unitary Non-unitary



Existence of Non-unitary massless flows:
truncation

• We considered perturbations of M(2, 7) and M(2, 9) using
truncated conformal space

• We found PT breaking around M(2, 7) and massless
spectrum compatible with M(2, 5)

• We found critical PT breaking along a line of M(2, 5) with a
tricritical endpoint, M(2, 7)

• Non-critical PT breaking: 1st and 2nd excited state forms
complex conjugate pair



Phase diagram around M(2, 9)
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Ginzburg–Landau for non-unitary
multicriticality

• Zamolodchikov, GL for the n-th unitary multicritical model:

LM(2+n,3+n) =
1

2
(∂φ)2 + gφ2(n+1)

• Proposal for the n-th non-unitary multicritical model:

LM(2,2n+3) =
1

2
(∂φ)2 + ig1φ+

n−2∑
k=0

gk+2φ
2 (iφ)k + φ2 (iφ)n

• The flows considered:

M(2 + n, 3 + n) → M(2, 2m + 3) φ2(n+1) → φ2(iφ)m m ≤ n

M(2, 2n + 3) → M(2, 2m + 3) φ2(iφ)n → φ2(iφ)m m < n



Verification: Truncated massive boson

• Verification using the massive boson basis

• Mass pertrubation: gives back Bogoliubov

• Ising fixed point in φ4: done by Rychkov, Vitale 2014, 2016

• We demonstrated the Chang duality: Ising fixed point with
negative mass term

• M(2, 5) in φ2(iφ)

• M(2, 5) critical line ending in the M(2, 7) tricritical point

• The proposal is verified numerically in the first two cases



Summary

...
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Outlook

• Order parameter, operator identification?

• Multi field models, supersymmetry? (see Klebanov et al.
2023)

• Entanglement properties in non-unitary CFT? (In progress...)

• Multicritical Ising spectroscopy, analytic structure of the free
energy
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